Assuming the continuum hypothesis, we obtain a translation invariant version of the following result of E. Grzegorek: There are two countably generated o-algebras on the interval [0, 1 ] such that both carry a nonatomic countably additive probability measure, but the a-algebra generated by their union does not carry any such measure.
The a-algebra of the relative Borel subsets of an almost translation invariant set is easily seen to be almost translation invariant. An almost translation invariant a-algebra containing all points (and thus all enumerable sets) is translation invariant.
We shall denote the Lebesgue measure by À and the Lebesgue outer measure by A*.
Our main result is the following.
Theorem. Assume the continuum hypothesis. Then there exist countably generated o-algebras 6?,, &2 of subsets of the interval [0, 1) and probability measures ß^ p2 on &,, 6t2, respectively, such that:
(i) (i,, 6£2 both contain all Borel sets and are translation invariant; (ii) p,, p2 both extend the Lebesgue measure and are translation invariant; (iii) there is no nonatomic probability measure on any a-algebra containing cE, U <H2. Proof. We can suppose^C ^>(w,),fr= {Fa: a < w,}. Set F= U {{a}XFa:a<u{}.
Now by [5, 7] , F belongs to the a-algebra generated by some sets An X Bn, « G to, where An, Bn C w,. It is easy to see that ^is included in the a-algebra generated by the B/s.
Lemma 3. Assume CH. Then for every uncountable X G [0,1), there is a nonmeasurable countably generated o-algebra (Ion X containing all Borel subsets of X.
Proof. By [7] , there is an L G [0, 1) such that |L| = 8, and |L Pi N\ =£ 80 for every meager N. It follows easily from the fact that every Borel measure on [0,1) concentrates on a meager set that the a-algebra of Borel subsets of L is nonmeasurable.
Since the properties involved are preserved under bijections, the a-algebra constructed on L can be transplanted to any set X G [0,1) of cardinality 8,. The resulting a-algebra contains singletons and augmented by adding the Borel subsets of X remains nonmeasurable.
Proof of the Theorem. Let X be as in Lemma 1 and A" = [ 0,1 )\ X. Let 910 be a nonmeasurable countably generated a-algebra on X containing the Borel subsets of A'(see Lemma 3). Let F(9l0) = {(x A S) n X: x G [0, 1), S G %0}. Then |T|9L0)| = 8|, and thus by Lemma 2, there is a countably generated a-algebra 91, D F(9l0). Defining T(Al,) analogously to F(9l0), we can find countably generated 9t2 D T(%x), and so on. Let 9t be the a-algebra generated by U {9l": « G to}. Then 91 is countably generated and nonmeasurable. It also follows easily from the almost translation invariance of X that 9l is almost translation invariant. Let 9L' be obtained analogously on A" and let 911 and 911' be the a-álgebras of Borel subsets of X and A", respectively. Thus restricted to the Borel subsets of an arbitrary set of outer measure one, is a countably additive probability measure.)
Finally, let t? be the least a-algebra containing (2, U &2. If p is a nonatomic probability measure on fc?, then either p(AQ>0 or p(A")>0.
Without loss of generality let p( A") > 0. Since 91 C & and X G 91, p restricted to 91 is a nonatomic finite nontrivial measure on 91. This is a contradiction since 91 is nonmeasurable. Hence, (iii) holds and the Theorem is proved.
